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SUMMARY

A �nite element model for incompressible laminar two-phase �ows is presented. A two-�uid model,
describing the laminar non-equilibrium �ow of two incompressible phases, is discretized by means
of a properly designed streamline upwind Petrov–Galerkin (SUPG) �nite element procedure. Such a
procedure is consistent with a continuous pressure equation. The design and the implementation of the
algorithm are presented together with its validation throughout a comparison with simulations available
in the literature. Copyright ? 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Two-phase �ows are encountered in a wide variety of engineering applications ranging from
power generation and conversion to biological �ows. This leads to a general interest in
two-phase �ow models [1–3] that may describe the behaviour of these systems. Generally,
Eulerian, Lagrangian or mixed approaches are used to represent the phases: depending on the
adopted choice, then, next coming matter concerns whether and how to describe the interface.
Here, a two-�uid model is used: an Eulerian approach for both phases, and each phase is
separately described in terms of two sets of conservation equations. This approach is con-
sidered to be appropriate for the most general and detailed description of two-phase �ows
and represents a fair compromise between the complexity of the model and its suitability to
the physics of the problem. This model is obtained through space (or time or space-time or
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ensemble) averaging of the Navier–Stokes equations (NS), and the resulting system represents
the combination of two interpenetrating continua, where the interaction between the phases
are described through ad hoc built forces and parameters, and any description of the interface
between them is not needed.
In this paper, two-phase steady �ows are solved by means of a �nite element numerical

methodology. The �nite element discretization is based on the streamline upwind
Petrov–Galerkin (SUPG) method [4–6]. In particular, the system of equations is solved as an
advective–di�usive set of equations written in primitive variables and for all of them piecewise
linear functions are used, both for the basis and the weighting functions. The main criterium
of the proposed discretization is the consistency preservation analogous to single-phase �ows.
Hence, an extension of the approach used for solving the single-phase NS equations is applied
to the two-phase �ow equations written subsequently in terms of primitive variables. Since
the system of equations is not symmetric, a straightforward direction has not been traced in
the SUPG frame, and the idea of maintaining such a consistency greatly helps in the design
of the intrinsic time scales. In order to achieve a fair level of stabilization, a discontinuity
capturing operator is introduced in order to prevent oscillations in boundary and sharp layer
regions.
In the following, the governing equations describing the two-phase �ow and the stabilized

�nite element approach are given. Then, some test cases are presented to validate the proposed
methodology. Finally, conclusions are drawn.

2. TWO-PHASE FLOW MODEL

The governing equations of the two-phase �ow are presented in this section.

2.1. Basic concepts

The model is an Eulerian–Eulerian one [1], since both phases are treated as continua. More-
over, a pressure equilibrium between the phases is assumed, leading to the following relation:

pl=pg=p (1)

where p is the pressure, and the subscripts l and g are referred to as the primary and the
secondary phases, respectively.
Since the phases are considered as interpenetrating, non-mixing continua, each of them oc-

cupies a well-de�ned volume of space. The volume Vq of the generic phase q is
de�ned by

Vq=
∫
�
�q d� (2)

where �q is the phasic volume fraction, representing the volume fraction occupied by the
phase q in the whole domain �. The summation of the phase volumes must recover the whole
domain, so that the volume fractions of the phases are coupled by the following relation:

�g + �l=1 (3)

Equation (3) represents the fundamental constitutive law for the volume fractions.
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2.2. Mass conservation

The two-phase �ow model must guarantee the conservation of mass.
Referring to the continuity equation of the generic phase q, with the hypothesis of incom-

pressibility, one can write

@�q
@t
+∇ · (�quq)=0 (4)

where �q and uq are the density and the velocity of the phase, respectively.

2.3. Momentum conservation

The two-phase �ow model must guarantee the conservation of momentum as well.
The momentum balance for the generic phase q, without body forces, yields

@uq
@t
+ uq · ∇uq=Fp;q + Fv;q + Fd;q (5)

where Fp;q is representative of the pressure contribution, Fv;q of the viscous force, and Fd;q
of the drag force, i.e. the interaction between the phases.
The pressure and the viscous force contribution are given by

Fp;q= − 1
�q

∇p Fv;q=
1
�q�q

∇ · (�q�q) (6)

where the stress tensor is written as

�q=�q(∇uq +∇uTq ) (7)

where �q is the shear viscosity and the superscript T denotes the transpose of ∇uq.
Referring to the primary phase l and to the secondary phase g, the drag force [1, 7] can

be written as

Fd;l=
3
4
CD
dg�l

�g�|ug − ul|(ug − ul) (8)

Fd;g=
3
4
CD
dg�g

�l�|ul − ug|(ul − ug) (9)

where CD is the drag coe�cient, dg is the diameter of the bubbles of the secondary phase
and � is the mixture density de�ned as

�= �l�l + �g�g (10)

2.4. System of equations

Referring to the primary phase as l and to the secondary phase as g, the set of unknowns is
given by the primitive variables

U =(p ul vl �g ug vg)T (11)

Hence, the �nal system of equations consists of six equations: �ve equations are given by
the conservation of the momentum for each phase and the continuity equation written for the
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secondary phase volume fraction. The other continuity equation is not needed because of the
costitutive relation (Equation (3)).
The sixth equation is obtained from the conservation of the total volume (

∑
q= l;g �q=1)

applied to the mass conservation equations. It reads

∑
q= l;g

∇ · (�quq)=0 (12)

In this equation, the arti�cial compressibility formulation is used, i.e. a pressure time derivative
is introduced to enhance robustness for steady state simulations [8]. Hence, the re-arranged
equation for the pressure computation is

1
�c2

@p
@t
+∇ · ((1− �g)ul) +∇ · (�gug)=0 (13)

where c is a reference velocity and � is the mixture density.

3. FINITE ELEMENT APPROACH

The discretization of the governing equations is done through a Galerkin �nite element
approach with P1 basis functions for all the variables [9]. This means piecewise linear func-
tions are used both for the basis and the weighting functions and the domain is discretized
into triangles. In addition, a Petrov–Galerkin stabilization is employed.

3.1. Galerkin formulation

The governing equations can be written as a system of equations in terms of the chosen set
of variables U

L(U)=A0U;t + F advi;i − Fdi�i;i =S (14)

where F advi;i =AiU;i is the advective contribution, F
di�
i;i is the di�usive (pressure and viscous

term) contribution, and S represents the source term.
Introducing the trial solution space Vh, and the weighting solution space Wh, the weak

form of (14) reads as �nd U ∈Vh such that ∀W ∈Wh

∫
�
(W ·A0U;t +W · F advi;i +W;i · Fdi�i −W · S) d�

−
∫
�
(W · Fdi�i ) ni d�=0 (15)

where � is the spatial domain, � represents its boundaries and ni is a component of the outer
unit normal to the boundary.
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3.2. SUPG formulation

The stabilization is obtained following a SUPG procedure applied to advection–di�usion
systems. The new integral equation is

∫
�
(W ·A0U;t +W · F advi;i +W;i · Fdi�i −W · S) d�

−
∫
�
(W · Fdi�i ) ni d� + STSUPG =0 (16)

where

STSUPG =
nel∑
e=1

∫
�e
ATiW;i · �(L(U)− S) d� (17)

In the above formula �e is one of the nel elements in which the domain is divided, and �
represents the matrix of the intrinsic time scales of the stabilizing operator.
The choice of � is cumbersome [10]. In this work a simple diagonal matrix is used

�=diag(�p; �ml; �ml; ��; �mg; �mg) (18)

The values of the �’s are obtained by applying the one-dimensional theory to each equation.
Speci�cally, the values available in the literature [5, 6, 9] are considered and re-arranged for
this methodology.
In particular, the time scale for the secondary-phase momentum equation is chosen as

�mg=
�ghg
2‖ug‖�(Re

hg) (19)

where h is the element length in the direction of the local �ow, ug the local advection velocity,
Rehg the element Reynolds number based on the element length and � a function of Rehg . Their
de�nitions are

Rehg =
hg‖ug‖
2�g

(20)

�= max
[
0;min

(
Rehg

3
; 1

)]
(21)

hg=
2

∑3
i=1

∣∣∣∣∣
ug

‖ug‖
· ∇!ugi

∣∣∣∣∣
(22)

where the summation is performed for all the nodes of the element and !ugi are the weighting
functions associated to the secondary phase velocity.
Similarly, the time scale for the primary-phase momentum equation is chosen as

�ml=
(1− �g)hl
2‖ul‖ �(Rehl) (23)
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with

Rehl =
hl‖ul‖
2�l

(24)

hl=
2

∑3
i=1

∣∣∣∣ ul‖ul‖
· ∇!uli

∣∣∣∣
(25)

In this work, the evaluation of �p hs not been considered, since zero matrix entries correspond
to the time scale related to the pressure equation residual in the SUPG framework. Finally,
the expression of �� will be given in the next subsection.

3.3. Stabilization of the continuity equation

The key point of the proposed �nite element approach concerns with the stabilization of the
continuity equation.
Let us consider Equation (4) written in terms of �g

@�g
@t
+ ug · ∇�g + (∇ · ug)�g=0 (26)

which is a scalar advection–reaction equation, where ug is the advection velocity and ∇ · ug
the reaction source. Then, the choice of the time scale �� follows the analogous choice of the
scalar advection–reaction equation given in Reference [11]

��=
C1

2‖ug‖
hg

+ C2|∇ · ug|
(27)

where C1 and C2 are constants set through numerical tests. Suggested values, to prevent adding
too much numerical viscosity, are C1 = 0:5 and C2 = 12.
Moreover, in order to prevent oscillations in the boundary layer region, a discontinuity

capturing operator [5] is introduced for the continuity equation. The scalar weighting function
referred to �g is increased in the following way:

!̃�i =!
�
i + ��ug · ∇!�i + ��2ug‖ · ∇!�i (28)

with the last term representing the contribution coming from the discontinuity capturing
operator. The de�nitions for ug‖ and ��2 are

ug‖ =

⎧⎪⎪⎨
⎪⎪⎩

(ug · ∇�g)
‖∇�g‖2 ∇�g if ∇�g �= 0

0 if ∇�g=0
(29)

and

��2 = max(0; ��‖ − ��) (30)
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with

��‖ =
C1

2‖ug‖‖
hg‖

+ C2|∇ · ug|
(31)

From their de�nitions, ug‖ is the component of ug in the direction of the �g gradient, and
��2 is the extra-amount of the time scale in the ug‖ direction. In the above formulas, hg‖ is
computed from ug‖ and it is equal to

hg‖ =
2

∑3
i=1

∣∣∣∣∣
ug‖

‖ug‖‖ · ∇!ugi
∣∣∣∣∣

(32)

3.4. Time discretization technique

In this subsection the temporal discretization is brie�y described. All the non-linear terms are
treated explicitly in time, while the pressure and viscous terms (which are linear) implicitly.
This choice leads us to discretize explicitly in time only non-linear terms, in order to �nally
obtain a linear system of equations to be solved with a biconjugate gradient solver.
Moreover, the schemes used for time discretization assure second-order accuracy in time

for both, explicit and implicit, approaches. In fact, a Crank–Nicolson method is used for the
pressure and di�usion terms, while an Adams–Bashforth method for all non-linear terms.

4. REMARKS ON THE STABILIZATION METHOD

In this section, further details of the stabilization technique are given. The main idea is to prove
it acts consistently with a PSPG-SUPG stabilization criterium used for the incompressible NS
equations, in the case P1 linear interpolation functions and Galerkin approach are employed,
so successfully circumventing the so-called Babu�ska–Brezzi (BB) condition [4, 12–14].

4.1. Navier–Stokes equations

The traditional stabilization method for a Galerkin �nite element discretization of the
incompressible NS equations is the so-called PSPG (Petrov–Galerkin pressure stabilization)
stabilization for the continuity equation and SUPG stabilization for the momentum equation.
This method consists by adding the following stabilizing terms to the integral formulation

of the continuity and momentum equations:

SPSPG =
∑
e

∫
�e
(�PSPG∇!pi ) · rhmom d�e (33)

SSUPG =
∑
e

∫
�e

(
�SUPGuh · ∇!ui

)
rhmom d�e (34)

where rhmom is the residual of the discrete momentum equation, �PSPG and �SUPG are the appro-
priate PSPG and SUPG time scales, and !pi and !

u
i are the weighting functions associated to

the pressure and the velocity.
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The same kind of stabilization is obtained when the SUPG formula (16) for a system of
equations is applied to the NS equations. This is done by writing the equations in terms of
the primitive variable and choosing the following � matrix:

�=diag(0; �m; �m) (35)

with �PSPG = �SUPG = �m.

4.2. Two-�uid model

In the present discretization, the SUPG term given in (17) is used. It depends from the
Euler–Jacobian matrices Ai, with F advi;i =AiU;i.
The two matrices Ax and Ay speci�cally are

Ax=

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1− �g 0 ug − ul �g 0
0 ul 0 0 0 0
0 0 ul 0 0 0
0 0 0 ug �g 0
0 0 0 0 ug 0
0 0 0 0 0 ug

⎞
⎟⎟⎟⎟⎟⎟⎠

Ay=

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 1− �g vg − vl 0 �g
0 vl 0 0 0 0
0 0 vl 0 0 0
0 0 0 vg 0 �g
0 0 0 0 vg 0
0 0 0 0 0 vg

⎞
⎟⎟⎟⎟⎟⎟⎠
(36)

Introducing Ax and Ay in Equation (17), the stabilizing terms to be added to each equation
are obtained.
In particular, the stabilizing term for the momentum equation of the generic phase q is

equal to

Smq=
∑
e

∫
�e
(�mquqh · ∇!uqi )rhmq d�e (37)

where rhmq is the residual of the discrete q-phase momentum equation. It is clear that the
obtained stabilization term has the same expression as the one used in the momentum equation
of the NS equations.
As far as the pressure equation concerns (13), the stabilizing term is

Sp =
∑
e

∫
�e
(1− �hg)(�ml∇!pi ) · rhml d�e +

∑
e

∫
�e
�hg(�mg∇!pi ) · rhmg d�e

+
∑
e

∫
�e
��(uhg − uhl ) · ∇!pi rh� d�e (38)

where rhml is the residual of the discrete momentum equation of the primary phase, rhmg the
residual of the discrete momentum equation of the secondary phase, and rh� is the residual
of the continuity equation for �g. When the �ow reduces to single-phase �ow, �g=0 and its
residual vanishes, so that the stabilizing term is equal to the PSPG term in Equation (33).

5. NUMERICAL RESULTS

In this section, the results of the numerical simulation of the two-phase, laminar, steady �ows
in a channel and in a T-junction are presented.
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5.1. Two-phase �ow in a channel

The �rst test case concerns with the two-dimensional two-phase laminar �ow in a channel.
Nevertheless, this example presents a relatively simple geometry, the presence of the two
phases renders the �ow much more complex than the single-phase one. In the present com-
putations, no interactions between the two phases are considered (i.e. zero drag force).
The simulation is done by giving the velocity at the inlet and setting uniform pressure at

the outlet. The pressure at the inlet comes from the computation. The other boundaries are
treated as no-slip walls. The chosen inlet velocity pro�le is set to be uniform. The geometry
is shown in Figure 1.
The Reynolds number is de�ned as

Re=
ud
�

(39)

where u is the inlet velocity and � is the kinematic viscosity. Table I shows the physical
properties of the two phases.
Di�erent grids are considered: the coarsest grid consists of 1699 nodes and 3236 elements,

and the �nest one consists of 33 965 nodes and 67 168 elements. The grids shows a boundary
layer re�nement.
The comparison with the results given in Reference [15] is done for the horizontal velocity

pro�les of both phases along the centre line of the channel. The results, as seen in Figure 2(a),
show a quite good agreement with the reference solution. In Figure 2(b) the dependency of
the solution from the grid is also shown.
Further comparisons are made for the pressure and the volume fraction. Figure 3(a) shows

the static pressure along the centre line of the channel for the two di�erent solutions. Regarding
the volume fraction, the comparison is made through the values obtained along a vertical cut
at x=2:5d. The results are shown in Figure 3(b).

Inlet Outlet

3d

d

Figure 1. Two-phase �ow in a channel—geometry.

Table I. Two-phase �ow in a channel—physical properties.

Reynolds number Re1 = 100 Re2 = 100
Kinematic viscosity �1 = 0:01 �2 = 0:005
Density �1 = 1:0 �2 = 0:5
Inlet volume fraction �1 = 0:5 �2 = 0:5
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Figure 2. Two-phase �ow in a channel—comparison for horizontal velocity pro�les along
y=0.5d between Reference [15] and the present solution (a), and with di�erent grids (b).
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Figure 3. Two-phase �ow in a channel—comparison between the present and the reference
solution [15] for the pressure pro�les along y=0:5d (a), and for the primary phase volume

fraction pro�les along x=2:5d (b).

5.2. Two-phase �ow in a T-junction

The aim of this test case is to demonstrate the correctness of the implementation of the model
and its accuracy for relatively complex �ow patterns due to phase separation and mixing. The
solution obtained is again compared with the one presented in Reference [15]. The geometry
of the problem is shown in Figure 4.
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4d

d

x=3.5d x=6.5d

Inlet Outlet

2d

y=0.5d

origin

d

Inlet

Figure 4. Two-phase �ow in a T-junction—geometry of the problem.

Table II. Two-phase �ow in a T-junction—physical properties.

Reynolds number Re1 = 100 Re2 = 75
Kinematic viscosity �1 = 0:01 �2 = 0:0066
Density �1 = 1:0 �2 = 0:5
Inlet volume fraction �1 = 0:5 �2 = 0:5

The simulation is carried out setting the same uniform velocity u at the two inlets and
uniform pressure at the outlet. The remaining boundaries are treated as no-slip walls. Again
the Reynolds number is de�ned as

Re=
ud
�

(40)

On Table II the values of the physical properties of both phases are given.
Several unstructured grids are considered for the simulation. The coarsest grid consists of

1676 nodes and 3158 elements, and the �nest one consists of 9981 nodes and 19 468 elements.
The grids present a boundary layer re�nement, to better reproduce the behaviour of the �ow
near the corners. In order to reproduce the results given in Reference [15], the same drag
force parameters are used. In particular,

CD =1 and dg=0:1 (41)

The comparison with the reference results [15] is carried out by plotting the horizontal and
vertical velocity pro�les along the centre line of the main channel of the T-junction. The
results are shown in Figure 5(a). The velocity pro�les are not referred to a speci�c phase.
This is because the phases have the same components of the velocity, due to the presence of
the drag force. Good agreement is achieved with the reference solution. In Figure 5(b) the
grid dependency is also shown.
As far as the volume fraction concerns, the comparison is carried out at two di�erent

locations: x=3:5d and x=6:5d. Figures 6(a) and (b) show the results of Reference [15] and
the present solution. The agreement between the two solutions is less good respect to the one
obtained for the velocity pro�les. Nevertheless, the maximum value is still comparable. The
major di�erences are located especially near the walls.
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Figure 5. Two-phase �ow in a T-junction—comparison for the velocity pro�les along
y=0:5d between Reference [15] and the present solution (a), and with di�erent grids (b).
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Figure 6. Two-phase �ow in a T-junction—primary phase volume fraction pro�les along
x=3:5d and x=6:5d: Reference [15] (a) and present solution (b).

6. CONCLUSIONS

In this paper a streamline upwind Petrov–Galerkin �nite element formulation for two-phase
�ows has been shown.
The mathematical formulation of the two-phase �ow model has been given and the strategy

to achieve the discretization and the stabilization of the set of the resulting equations has
been presented. The system of equations has been discretized as an advective–di�usive set of
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equations and a SUPG stabilization has been performed by considering the advective matrix
contributions. The accuracy of the method has been proved by comparing the results, in the
case of multiple meshes, for the channel and the T-junction �ow problems with the ones
given in Reference [15].
The results highlight that the choice of this approach is very promising to simulate two-

phase �ows. The results also suggest that a better stabilization is needed in the boundary layer
region, thus leading to the improvement of the discontinuity capturing operator acting in this
region.
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